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Notation and Concepts

Diagram of Control Efforts

ωi , ∀i : angular speed of rotor i
−→
f i , ∀i : thurst provided by rotor i
−→τ i , ∀i : reaction torque provided by rotor i (contrary to ωi )
−→
l i : rotor-CM arm
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Notation and Concepts

Control Efforts for an Arbitrary MAV

Resulting Control Force:

−→
F c =

nr∑
i=1

−→
f i (1)

where nr is the number of rotors.

Resulting Control Torque:

−→
T c =

nr∑
i=1

−→τ i +
nr∑
i=1

−→
l i ×

−→
f i (2)

The first sum in (2) corresponds to the moments of the reaction forces,
while the second one represents the moments of the thrust forces.
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Notation and Concepts

Relation Between Reaction Torque and Thrust

In Chapter 2, we described the magnitude of the reaction torque and thurst
force of a rotor by

fi = kf ω
2
i (3)

τi = kτ ω
2
i (4)

for i = 1, ..., nr .

Dividing (4) by (3), we find τi = kfi , with

k ,
kτ
kf

(5)

The parameter k ∈ R will be useful in this chapter.
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Quadcopter Q+ . . .
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Quadcopter Q+

Diagram of Control Efforts

 

𝑓 1 
𝜏 1 
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𝐵 

𝑓 4 
𝜏 4 

𝑙 

Legend: l : arm length
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Quadcopter Q+

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓQ+f (6)

where f , [f1 f2 ... f4]T and

ΓQ+ ,


1 1 1 1
0 −l 0 l
−l 0 l 0
k −k k −k

 (7)

Proof: on the whiteboard.

9 / 30



Quadcopter QX . . .
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Quadcopter QX

Diagram of Control Efforts

 

𝑓 2 𝜏 2 
𝑓 4 

𝜏 4 

𝑙 
𝑓 3 

𝜏 3 
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𝑦 B 𝑧 B 
𝛿 

𝐵 

𝑓 1 
𝜏 1 

Legend: l : arm length
δ: (half) frontal separation angle
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Quadcopter QX

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓQXf (8)

where f , [f1 f2 ... f4]T and

ΓQX ,


1 1 1 1

l sin δ −l sin δ −l sin δ l sin δ
−l cos δ −l cos δ l cos δ l cos δ

k −k k −k

 (9)

Proof: on the whiteboard.
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Hexacopter . . .
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Hexacopter

Diagram of Control Efforts

 

𝑓 2 
𝜏 2 
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Legend: l : arm length
δ: (half) frontal separation angle
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Hexacopter

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓHf (10)

where f , [f1 f2 ... f6]T and

ΓH ,


1 1 1 1 1 1

l sin δ −l sin δ −l −l sin δ l sin δ l
−l cos δ −l cos δ 0 l cos δ l cos δ 0

k −k k −k k −k

 (11)

Proof: on the whiteboard.
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Octacopter . . .
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Octacopter

Diagram of Control Efforts

 

𝑓 3 
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𝑓 1 
𝜏 1 
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𝜏 8 
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𝑙 
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𝛿 

Legend: l : arm length
δ: frontal separation angle
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Octacopter

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓOf (12)

where f , [f1 f2 ... f8]T and

ΓO ,


1 1 1 1 1 1 1 1
0 −l sin δ −l −l sin δ 0 l sin δ l l sin δ
−l −l cos δ 0 l cos δ l l cos δ 0 −l cos δ
k −k k −k k −k k −k

 (13)

Proof: left as an exercise.
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Tricopter with double rotors . . .
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Tricopter Y6

Diagram of Control Efforts

 

𝑙 

𝑥 B 

𝑦 B 𝑧 B 

𝛿 

𝐵 𝜏 5 𝑓 5 
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4 𝑙 

Legend: l : arm length
δ: (half) frontal separation angle
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Tricopter Y6

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓY6f (14)

where f , [f1 f2 ... f6]T and

ΓY6 ,


1 1 1 1 1 1

l sin δ l sin δ −l sin δ −l sin δ 0 0
−l cos δ −l cos δ −l cos δ −l cos δ l l

k −k k −k k −k

 (15)

Proof: on the whiteboard.
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Quadcopter with double rotors . . .
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Quadcopter X8

Diagram of Control Efforts

 

𝑙 

𝑥 B 
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Legend: l : arm length
δ: (half) frontal separation angle
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Quadcopter X8

Resulting Control Efforts

Resulting force magnitude F c and resulting torque Tc
B in SB:

[
F c

Tc
B

]
= ΓX8f (16)

where f , [f1 f2 ... f8]T, s ≡ sin, c ≡ cos, and

ΓX8 ,


1 1 1 1 1 1 1 1
lsδ lsδ −lsδ −lsδ −lsδ −lsδ lsδ lsδ
−lcδ −lcδ −lcδ −lcδ lcδ lcδ lcδ lcδ
k −k k −k k −k k −k

 (17)

Proof: left as an exercise.
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Quadcopter with longitudinal-vectoring rotors . . .
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Quadcopter with longitudinal-vectoring rotors

Diagram of Control Efforts

 𝛽4 

𝑙 

𝑓 2 

𝜏 2 

𝑥 B 

𝑦 B 

𝑧 B 

𝐵 
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𝑙 

Legend: l : arm length
βi : vectoring angles
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Quadcopter with longitudinal-vectoring rotors

Resulting Control Efforts

Resulting force components F c
1 , F c

3 and resulting torque Tc
B in SB: F c

1

F c
3

Tc
B

 = ΓLV4(β1, ..., β4)f (18)

where f , [f1 f2 ... f4]T, s ≡ sin, c ≡ cos, and

ΓLV4 ,


sβ1 sβ2 sβ3 sβ4
cβ1 cβ2 cβ3 cβ4

lcβ1 + ksβ1 −lcβ2 − ksβ2 −lcβ3 + ksβ3 lcβ4 − ksβ4
−lcβ1 −lcβ2 lcβ3 lcβ4

−lsβ1 + kcβ1 lsβ2 − kcβ2 lsβ3 + kcβ3 −lsβ4 − kcβ4


Proof: on the whiteboard.
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Quadcopter with transversal-vectoring rotors . . .
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Quadcopter with transversal-vectoring rotors

Diagram of Control Efforts
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Legend: l : arm length
βi : vectoring angles
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Quadcopter with transversal-vectoring rotors

Resulting Control Efforts

Resulting force Fc
B and resulting torque Tc

B in SB:[
Fc
B

Tc
B

]
= ΓTV4(β1, ..., β4)f (19)

where f , [f1 f2 ... f4]T, s ≡ sin, c ≡ cos, and

ΓTV4 ,



0 −sβ2 0 sβ4
−sβ1 0 sβ3 0
cβ1 cβ2 cβ3 cβ4
0 ksβ2 − lcβ2 0 −ksβ4 + lcβ4

−ksβ1 − lcβ1 0 ksβ3 + lcβ3 0
kcβ1 − lsβ1 −kcβ2 − lsβ2 kcβ3 − lsβ3 −kcβ4 − lsβ4


Proof: left as an exercise.
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Hexacopter with two vectoring rotors . . .
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Hexacopter with two vectoring rotors

Diagram of Control Efforts
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Homework: Obtain the SB representation of the control efforts.
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Birotor on a 2-DOF gimbal . . .
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Birotor on a 2-DOF guimbal

Diagram of Control Efforts
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Homework: Obtain the SB representation of the control efforts.
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Thanks!
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